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Possible treatment of the ghost states in the Lee-Wick standard model
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In this work, we employ the techniques used to cure the indefinite norm problem in pseudo-Hermitian
Hamiltonians to show that the ghost states in a higher derivative scalar field theory are not real ghosts. For
the model under investigation, an imaginary auxiliary field is introduced to have an equivalent non-
Hermitian two-field scalar theory. We were able to calculate exactly the positive definite metric operator 7
for the quantum mechanical as well as the quantum field versions of the theory. While the equivalent
Hamiltonian is non-Hermitian in a Hilbert space characterized by the Dirac sense inner product, it is,
however, a Hermitian in a Hilbert space endowed with the inner product {n|n|m). The main feature of the
latter Hilbert space is that the propagator has the correct sign (no Lee-Wick fields). Moreover, the
calculated metric operator diagonalizes the Hamiltonian in the two fields (no mixing). We found that the
Hermiticity of the calculated metric operator to lead to the constrain M > 2m for the two Higgs masses, in
agreement with other calculations in the literature. Besides, our mass formulas coincide with those
obtained in other works (obtained by a very different regime but with the existence of ghost states), which

means that our positive normed Hamiltonian form preserves the mass spectra.
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The origin of the mass of the building blocks in our
universe represents one of the greatest puzzles in the theory
of particle interactions. The puzzle comes from the exis-
tence of a conceptual problem in the conventional standard
model regarding the flow of the dimensionful parameters at
high energy scales. At these scales, the mass as well as all
the dimensionful parameters of the Higgs particle flow up
to unacceptable very large values. This unacceptable flow
of the parameters is known in the literature as the gauge
hierarchy problem [1]. On the other hand, it is well known
that models with supersymmetry (SUSY) do not suffer
from the hierarchy problem. In these models, natural can-
cellations occur between cutoff dependent terms, resulting
from fermion and boson loops. These cancellations, in
turn, protect the problematic parameters against perturba-
tions up to very high energy scales [2]. However, SUSY
introduces an upper limit to the Higgs mass by 130 GeV
and some of its mass spectra are of 1 TeV. These features
expose SUSY to the direct fire of the LHC tests.
Accordingly, we may need an alternative scenario for the
description of particle interactions, which avoid the above
mentioned problems and limitations.

Very recently, with the guidance of a previous work of
Lee and Wick (Lee-Wick or LW) [3.,4], a non-SUSY
extension of the standard model has been introduced and
investigated [5-8]. While the LW QED is a finite theory,
the non-Abelian LW gauge theory is not a finite one.
However, the Lee-Wick standard model, as a non-
Abelian LW gauge theory, is renormalizable and it does
solve the hierarchy problem. In fact, in the LW extension of
the standard model, every field of the conventional stan-
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dard model has a higher derivative kinetic term. Also, it has
been shown that the higher derivative theory can be con-
verted into an equivalent ordinary one with more fields.
Out of these fields, the LW one has a propagator with a
wrong sign (exotic). Accordingly, the natural cancellation
of cutoff dependent terms can occur between terms that
come from loops involving normal fields and those which
come from exotic fields.

The main idea of any Lee-Wick model is to consider two
kinds of fields with kinetic terms of opposite signs. The
field of negative kinetic term is known as the LW field. In
fact, one can show that a one-field theory with a higher
derivative term can have an equivalent structure to that of a
Lee-Wick model [5,6]. The existence of the Lee-Wick
fields has benefits such as QED finiteness and hierarchy
absence. Nevertheless, the presence of the exotic fields
(LW fields) resembles a great puzzle in the Lee-Wick
theory that introduces a problem concerning the probabi-
listic interpretation in the theory. Accordingly, in taking
into account the successes in the LW theories like QED
finiteness, for example, it becomes an important challenge
to solve the indefinite norm problem existing in the Lee-
Wick theories.

In a very different kind of study, Bender and Mannheim
have shown that a quantum mechanical theory with higher
derivatives, which apparently suffers from the indefinite
norm problem, can be converted into an equivalent one
without any ghost states [9]. In showing that, they stressed
a higher derivative Pais-Uhlenbeck model. In fact, the
indefinite norm problem is common in P7 -symmetric
theories. However, there exist well-known algorithms to
cure ghost states existing in pseudo-Hermitian theories
[10-14]. It is noteworthy to know that the T symmetry
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(exact) is sufficient, but not necessary, for the existence of a
real spectrum in a non-Hermitian theory. In fact,
Mostafazadeh has shown that the reality of the spectrum
of a Hamiltonian model is not limited to either Hermiticity
or PT symmetricity [11,12]. Instead, he proved that if a
Hamiltonian model H has the property nHn ' = Ht,i.e.
H is pseudo-Hermitian, then the spectrum of H is real.
Here 7 is a Hermitian, linear, invertible, and positive
definite operator. This formulation of the problem can be
applied to Hermitian theories (n = I), P7T -symmetric
theories, and any non-Hermitian Hamiltonian for which a
positive definite metric operator exists. With this in mind,
in this work, we show that the techniques applied to
pseudo-Hermitian theories can be successfully applied, in
principle, to the different sectors of the recently introduced
LW standard model. In fact, as a starting point, we shall
stress a type of scalar field theory that is very similar to the
one employed in the Lee-Wick standard model. Using that
model, we show that the theory is free from ghost states.
Since the used model is a prototype example of the sectors
in the Lee-Wick standard model, we expect that the algo-
rithm can be safely and successfully extended to the whole
theory.

To start, we consider the prototype scalar field
Lagrangian introduced in the Lee-Wick standard model
of the form [5]

1
L= 0,00t =2 s @O mign (D)
Following the work in Ref. [5], one can introduce an
auxiliary field ¢, to get rid of the higher derivative in the
theory such that

L, 00" — P §? — $,0%¢ + M3 (2)
From the equation of motion of ¢,, we get
oL —0 E
(9, 92) ’ I
Then, the auxiliary field ¢, is given by the relation

= p,M?* — 9% ¢.

by =,
Let us define the field ¢, through the relation
b =d1— ¢
then
=30,(d1 — $2)3* () — b2) — im
— $20%(py — o) + IM? B3,
= 10,0104 b, + 10, P20 Py —
+ hr02 Py — Am* () — $2)? + IM* 3,
=10,¢10%d1 — 30, $20" Py — Im* 3
+3(M? — m?)p3 + m? by (3)

21— ¢2)?

3, 20" Py — 07,
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The Hamiltonian corresponding to the Lagrangian in
Eq. (3) can be obtained as

w2

= T4 (V) + 3] -

_E(Mz _ m2)¢% —

5 (Vd>z)2
mzd)l b, “4)

Now, let us apply the canonical transformation ¢, — i¢,,
m, — —im,, which preserves the commutation relations

(91,
[h2(x), m ()] = [igha(x), —im,(y)] = i3 (x = y).  (5)

Then the transformed Hamiltonian will take the form,

H=Tiy ) <V¢1)2+ m2¢2 “2+ 5 (Vo)

2

+ E(Mz — m?) 5 — im* . (6)
In other words, the negative norm manifested in the work
of Ref. [5] by a negative kinetic term of the LW field (¢,)
is manifested here by the non-Hermiticity of the
Hamiltonian represented by the form in Eq. (6). By assum-
ing that ¢, is pseudo scalar, the Hamiltonian obtained in
Eq. (6) is PT symmetric, too. Indeed, the non-Hermitian
and P7 -symmetric theories are suffering from the exis-
tence of ghost states. However, there exists known algo-
rithms to recover such problems [9—11]. In fact, though the
Hamiltonian in Eq. (6) is non-Hermitian in the Dirac sense,
it is not only Hermitian in a Hilbert space endowed by the
inner product {n|n|m) [11,12], but it also has kinetic terms
in the correct form (no LW fields). To build up the Hilbert
space with the inner product (n|n|m), we need to obtain the
metric operator 7 for the theory under investigation. In the
following, we show how to obtain 7 in a closed form.

To start the algorithm of curing the ghost states problem
in the theory, we stress the theory in 0 + 1 dimensions
(quantum mechanics). Since the Hamiltonian in Eq. (6) is
pseudo-Hermitian, one can seek a positive definite metric
operator of the form

1 = exp2(w 7 ¢, + wym¢h))),

where w; and w, are two real parameters to be obtained
later in terms of the mass parameters m and M. Note that
is Hermitian and has the property [11,12]

nHn ™' = HY. (7
Also, p = /7 has the property
pHp™' = h, ®)

where & is a Hermitian (in the Dirac sense) as well as the
positive normed Hamiltonian equivalent to H.

To determine the parameters w; and w,, we consider the
transformations of the different fields in the Hamiltonian
under the effect of p as follows:
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phip ' = b —iw p, pmp ' = +iwym,
phap~! = by — iwy ), pmp ! =+ iw .
Accordingly,
() + lw2772) )
h = f 2(¢1 iw)hy)?*
(my + iwym))? .
A S— — +§(M2 —m?)(dy — iwy¢)
—im* () — iw hy)(Py — iwyhy),
or
h = %’n’% +imwymy — éw%wz + —m2¢2 m a)ld)%
+im3 + imw 7 — Jwlmi(M? — m?)
X (¢3 — 03¢} — m* w7 — m*w,P3
—im*p ¢y + imPw prwrdy — irwyp M?

+idrwrpym? — im* b w; . )]
For & to be Hermitian, one has to put constraints,

ia)2 + i(l)] = O,

g (10)

(—m?* + m*w 0, — 0, M* + w,m*> — m*w,) =0,

on the introduced parameters w; and w,. Equivalently, we
have the relations

—m? — m?w? + 0, M?* = 2m*w, = 0.
(11)

In terms of the mass parameters, w; can be obtained as
1

w; =5 (M?* = 2m*> £ VM* — 4AM*m?).
2m

Also, due to the reality of w, the two Higgs masses are
related by

W] = — Wy,
(12)

M? = 4m?,

which agrees with the results in Ref. [5].
Now, in view of the above constraints on the parameters
w; and w,, the Hermitian Hamiltonian /4 has the form

i) + %mzd’% + %(1 — w5 — zm ‘wid;
+3(M?* — m?)(p3 — wid]) + m*ow,d] — m?w, ¢},
= %77%(1 - w%) + %mz(b% + %(1 — w%)ﬂ%

)3

To make sure that the negative norm problem has been
lifted, we plotted the propagator-sign governing factors of
the form uj=(1— w?), ,ul—(zmw1~l—mwl

1172 02 1 7 _ _ 1,2
IM?w?}), and u} = (—imel +1iM*> - m’w, —im?)

- 5771(1

+ (%m w? + mlo, — %Mzw%)d)%

+ (—%mzw% +3M? — m*w, — 3m (13)
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as a function of M for m = 1, shown in Figs. 1-3, respec-
tively. In these plots, we have taken the root w; = 515 X

(M? — 2m? — ~JM* — 4M?*m?), while the other root repre-
sents a theory of indefinite norm. One can realize that all
these factors are positive for the available range of M,
which assures the remedy of the wrong sign in the propa-
gator of the LW field.

To show that the transformations carried out preserve the
mass spectra of the original theory, we compare the mass
formula to those obtained in Ref. [6]. To do that, we apply
the canonical transformations of the form

1
Uy = 729{)1, II, = V(l - w%)m, (14)
1 — w]
1
'11’2:—2(}52, IT, = 41 —whm,  (15)
1 — w]

to Eq. (13) and to note that the second relation in Eq. (11)
can be written as

m*(w, +1)> = 0, M> (16)
Also, we can write
M? 4m?
+1=—=1—4/l ——) 17
2m? ( M2) an

and thus we get the mass formula for the field ¢ as

M? 4m?
2 _ 2 _ N P
my, = (w, + 1)m* = 5 (1 1 2), (18)

which is the same formula obtained in Eq. (8) of Ref. [6].
These results show that the obtained Hamiltonian in our
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|
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I
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M
FIG. 1. The factor u3 = (1 — w?) plotted against the mass

parameter M for m = 1. One can realize that the factor is
positive for the available range of M.
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FIG. 2. A contribution to the mass parameter squared of the
field ¢, of the form u? = (A m*w? + m*w, — {M??) in the
Hermitian Hamiltonian £, plotted against the mass parameter M
for m = 1. Since the other contribution is m> and from the plot
w3 is always positive, then the mass squared as a whole is
positive.

work has no ghosts and preserves the spectrum of the
original theory.

In higher dimensions (quantum field theory), one needs
to deal with operator densities, and thus the metric operator
will take the from

n= [d3z exp(2(w 7 (2) h,(2) + Wy, (2) P1(2))).

Accordingly, we have the relations

120 % % x x x x x
100 T
80 T
(]
=)
E 60T
40T

20T

FIG 3. The mass parameter squared of the field ¢, given by
i =—im*w? +IM?> — m*w, —im* in the Hermitian
Hamiltonian A, plotted against the mass parameter M for m =
1, which is again a positive quantity.
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pdi 00! = 410~ i) [22(5 0~ 2)
pmp = + iwzfd3172(2)53(x - 2),
pbs'p ! = s i [ 20,8 2,

pmylpTl =m +iw, fd3zwl(z)53(x - 2).

And thus
pdipT = ¢ —iw ¢,
pm'p~! = + iwym,
pdy'p7 = ¢y — iy,
p77'2_1p_1 =11, +iw|m.
Also, note that
P (V¢1(X) pl = —(V<i>1(x))2 — 0V 1 (x)V, (%)
2
- S Vaba(0)?
1 1
pE(Vsﬁz(X))Zp" = §(V¢2(x))2 — 10V (x)V, 5 (%)

2
- %(quﬁl(x))z. (19)

Again, with the choice w; = —w, = w, one gets

pG(Ve () + 1(Vy(x)*)p !
=11 - w)(Ve, () + (Vpr(0)%  (20)

and the quantum field Hermitian Hamiltonian takes the
form

h =131 — w?) + 101 — o))V (1) +

242
2 zm o

FU = o) + 10— (V) + W23
+ (lmzw2 + mlw — lea)z)(b2
+ (= m lwt —mlw, — 2m2)¢>2 (21)

One can easily realize that the governing factors are all
positive for the available range of the mass parameter M
relative to the mass parameter m. Accordingly, the problem
of the wrong sign propagator has been recovered. Another
benefit of the transformation mapping H — h is that there
exists no mixing terms in 4 (% is diagonal in the fields ¢,
and ¢,).

To make sure that the Hermitian equivalent Hamiltonian
in Eq. (21) still bears the feature of quadratic divergence
cancellation, we rewrite it in the form
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h=h +h
hy =3t + (Vé1)?) + 3m*(1 + 01)* ¢}
+3(—oN)(m + (V$o)?) + 5(—m*(1 + @,)?) 3,
hy = 3(m5 + (Vy)?) + 3M> b3 + (- wi)(mi + (V))?)
+3(=Mwi)d],

which shows that although % is a Hermitian and positive
normed, it can be decomposed into two terms each of
which has the form of the normal and Lee-Wick fields.

In conclusion, we considered a higher derivative scalar
field theory of the form used in the Lee-Wick standard
model. For the theory considered and via a simple canoni-
cal transformation, we obtained a non-Hermitian but
PT -symmetric two-field equivalent Hamiltonian. Using
the tools applied to cure the indefinite norm problem in
pseudo-Hermitian Hamiltonians, we were able to obtain
the positive definite metric operator for both the quantum
mechanical and quantum field versions of the theory in a
closed form. We showed that the obtained equivalent
Hermitian Hamiltonian has propagators of the correct
sign, which means that the ghost problem has been cured.
Moreover, the Hermitian Hamiltonian is diagonal in the
fields. To test the validity of our results, we showed that the
Hermiticity of the calculated metric operator to lead to the
constrain M > 2m for the two Higgs masses, in agreement
with other calculations in the literature. Moreover, our
mass formulas coincide with those obtained in other works
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obtained in Ref. [6]. Note that we discarded the potential
term since it is used to break the symmetry and has no
effect on the negative norm of the auxiliary field, and thus
one can instead add it to the equivalent Hermitian
Hamiltonian. Indeed, one can deal with the whole theory
including the potential term (non-Hermitian). In this case,
the metric operator can be calculated perturbatively [15].
However, we assert that the work presented here is fully
new and it is the first time the exact metric operator for a
realistic quantum field theory was obtained.

For the other sectors in the Lee-Wick standard model,
there exits a higher derivative term which could be ab-
sorbed with the appearance of more fields like the scalar
sector we stressed in this work. One may be able, in
principle, to go the same way we followed in this work
to cure the ghost states in the full theory. This kind of
calculation will take a substantial amount of time.
Naturally, the metric operator calculation for more realistic
higher derivative theories will become a topic of our future
work with an ultimate aim to obtain a Lee-Wick standard
model with no ghosts.

A note to be mentioned is that the mass of the auxiliary
field is greater than the normal Higgs mass, which means
that it is out of any experimental tests carried out.
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